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VARIETIES WITH VANISHING HOLOMORPHIC EULER
CHARACTERISTIC II
JUNGKAI ALFRED CHEN AND ZHI JIANG
Abstract. We continue our study on smooth complex projective vari-
eties X of maximal Albanese dimension and of general type satisfying
χ(X,OX) = 0. We formulate a conjectural characterization of such vari-
eties and prove this conjecture when the Albanese variety has only three
simple factors.
1. Introduction
The purpose of this paper is to study the birational geometry of varieties
X of general type and of maximal Albanese dimension with χ(ωX) = 0.
In recent years, these varieties have attracted considerable attention.
Green and Lazarsfeld showed in [GL1] that a variety of maximal Albanese
dimension satisfies χ(X,ωX) ≥ 0. It was conjectured by Kolla´r [K3, 18.12.1]
that a variety of general type and maximal Albanese dimension would sat-
isfy χ(ωX) > 0. A couple years later, Ein-Lazarsfeld disprove the conjecture
by providing an example of threefold of general type and maximal Albanese
dimension with χ(ωX) = 0.
In fact, in the recent studies on the structure of the pluricanonical maps
and of the Iitaka map, it has been realized that the case χ(ωX) = 0 is
usually the hardest case. For example, it was shown in [CH1] that the
tricanonical map is birational for varieties of general type and maximal
Albanese dimension with χ(ωX) > 0. However, if we assume χ(ωX) =
0 instead, then it is more difficult to prove that the tricanonical map is
birational (see [JLT]).
It is thus natural and important to characterize or classify varieties of
general type and maximal Albanese dimension with χ(ωX) = 0 explicitly.
Our previous joint work with Olivier Debarre was the starting point toward
this direction, in which we prove a characterization in dimension three. Since
the characterizing properties are preserved under birational maps and finite
e´tale maps, it was shown that the Albanese variety has at least three simple
factors and the example of Ein and Lazarsfeld is the only possibility in
dimension three.
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The main result in this article is to prove a similar characterization in
higher dimensions assuming that the Albanese variety has three simple fac-
tors.
Theorem 1.1. Let X be a variety of general type and of maximal Albanese
dimension and assume that AX has only three simple factors. If χ(X,ωX) =
0, there exist simple abelian varieties K1, K2, K3, double coverings from
normal varieties Fi → Ki with associated involution τi, and an isogeny
η : K1 ×K2 ×K3 → AX , such that the base change X˜ is birational to
(F1 × F2 × F3)/〈σ〉
where σ = τ1 × τ2 × τ3 is the diagonal involution. That is, we have the
following commutative diagram:
(F1 × F2 × F3)/〈σ〉
(( ((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
X˜
a
X˜ // //

ε
88 88rrrrrrrrrrrr

K1 ×K2 ×K3
η

X aX
// // AX .
where ε is a desingularization.
The birational geometry of varieties of maximal Albanese dimension is
governed by cohomological support loci of the push-forward of the canonical
sheaf aX∗ωX . It is well-known that aX∗ωX is a GV-sheaf. The technical
advance of this article is indeed the following decomposition theorem (see
Theorem 3.4 and Theorem 3.5 for details), which implies that aX∗ωX is not
far from being M-regular.
Theorem 1.2. Let f : X → A be a generically finite morphism to an abelian
variety. Then, we have
f∗ωX ≃
⊕
i
(p∗iFi ⊗ Pi),
where pi : A → Ai are quotients of abelian varieties, Fi are M-regular
sheaves on Ai, and Pi are torsion line bundles on A.
Remark 1.3. In the above formulation, we allow pi : A→ Ai to be trivial
quotients, namely pi could be an isomorphism or a fibration to SpecC.
This decomposition theorem can certainly be applied to prove globally
generated properties for canonical or pluricanonical bundles. Another im-
portant application is a criterion for birationality of morphisms between
varieties of maximal Albanese dimension, which is a main ingredient of the
proof of Theorem 1.1.
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The paper is organized as follows. In section 2 we introduce definitions
and prove some basic results on Fourier-Mukai transform of GV sheaves.
Section 3 is devoted to prove the decomposition theorem and its corollaries.
In section 4 we provide several birational criterion of morphisms between
varieties of maximal Albanese dimension. In section 5 we study the general
structure of varieties X of general type and of maximal Albanese dimension
with χ(X,ωX) = 0. We formulate a conjectural characterization of such
varieties. Finally, in section 6, we restrict ourselves to the case when AX
has only three simple factors and prove Theorem 1.1.
Acknowledgements. This work started during the second author’s visit
to NCTS (Mathematics Division, Taipei Office). The second author thanks
NCTS for their warm hospitality and the excellent research atmosphere. The
authors thank Olivier Debarre for numerous conversations on this subject.
2. Notation and Preliminaries
For any smooth projective variety X, we will denote by aX : X → AX
the Albanese morphism of X and ÂX = Pic
0(X) the dual of the Albanese
variety. We will denote by D(X) the bounded derived category of coher-
ent sheaves on X. Following [PP2], for any object E ∈ D(X), we write
R∆(E ) := RH om(E , ωX).
For an abelian variety A and its dual Â, we denote by PA the normalized
Poincare´ line bundle on A× Â. For α ∈ Â, we denote by Pα the line bundle
that represents α. By [Mu], the following functors give equivalence between
D(A) and D(Â):
RΦPA : D(A)→ D(Â), RΦPA(· ) = RpÂ∗(p
∗
A(· )⊗PA),
RΨPA : D(Â)→ D(A), RΨPA(· ) = RpA∗(p
∗
Â
(· )⊗PA).
For any coherent sheaf F on X and any morphism f : X → A to an
abelian variety, we define the i-th cohomological locus
V i(F , f) := {α ∈ Â | H i(X,F ⊗ Pα) 6= 0}.
If f = aX is the Albanese morphism, we will simply denote by V
i(F ) the
i-th cohomological locus.
For an abelian variety A and its dual Â, we always use the notation ∗̂ to
denote an abelian subvariety of Â, and then ∗ = ̂̂∗ is the natural quotient of
A.
We recall the definition of GV-sheaves and M-regular sheaves on abelian
varieties (see [PP1] and [PP2]).
Definition 2.1. Let F be a coherent sheaf on an abelian variety A. Then
F is a GV-sheaf if
codim
Â
SuppRiΦPA(F ) ≥ i
